A Majorana fermion is the single fermionic particle that is its own antiparticle. Its dynamics is determined by the Majorana equation where the spinor field (ψ) is by definition equal to its charge-conjugate field (ψ c ). Here, we study the dynamics of Majorana fermions in the presence of the most general static external field in 1 + 1 dimensions, which is just a scalar potential, by implementing for the first time the methods of supersymmetric quantum mechanics. In particular, for potentials for which shape invariance holds, we show how to obtain analytical solutions. We find that although this equation does have bound states, it does not have stationary states. The approach is illustrated with a linear potential.
Introduction
The Dirac equation is the relativistic generalization of the Schrödinger equation [1] . This equation successfully merges quantum mechanics with special relativity for spin-1 2 particles and predicts the existence of the antiparticle. In four dimensions the Dirac spinor (ψ D ) is an object with four degrees of freedom corresponding to a particle and an anti-particle with spin up (↑) and down (↓). For an electrically neutral particle, however, it is possible that it be its own antiparticles; in which case, the spinor has only half the degrees of freedom compared to the Dirac fields. This kind of particle is referred to as Majorana fermion and was proposed by Ettore Majorana in 1937 [2] .
To avoid confusion with the nomenclature used in the literature, let us clarify that Lorentz invariance allows, in addition to the Dirac equation i ̵ h ∂ψ = mcψ, the equation known as the Majorana equation i ̵ h ∂ψ = mcψ c [2, 3] . Here ψ c stands for charge conjugation of the spinor ψ. When the additional condition ψ c = ψ is imposed in the Majorana equation, the resulting spinor is known as a Majorana spinor (or Majorana fermion). Indeed, Majorana fermions can also be viewed as real solutions of the Dirac equation when the so-called Majorana representation is chosen [4] . To distinguish them from a field that obeys the Majorana equation without the condition ψ c = ψ, the latter have been called Majoranons [5] .
After the discovery of neutrino masses and mixing, the Majorana fermions have attracted renewed interest since in the Standard Model of particles it is not known whether neutrinos are their own antiparticles. On the other hand, the notion of Majorana fermions has a realization in topological superconductors [6, 7] , and it has potential applications in quantum computation [8, 9] . Besides, in recent years, there has been a growing interest in simulations of relativistic quantum systems such as the Dirac [10] and Majorana equations [11, 12, 13, 14, 15, 16] in 1 + 1 dimensions. Interestingly, some peculiar effects predicted by the Dirac equation, such as Klein tunneling and "Zitterbewegung" (a trembling motion caused by the interference between positive and negative energy states [17] ), unobservable in experiments of high energy physics could be observable in quantum simulations [10, 18, 19] . Furthermore, quantum simulations of the Majorana equation have opened the possibility for implementing unphysical operations, such as complex conjugation, charge conjugation and time reversal [11, 16, 15] .
While the analytical solutions of the relativistic equations of Dirac and Klein-Gordon have been widely investigated in d dimensions [20, 21, 22, 23] , the solution of the Majorana equation remains essentially unexplored [24, 25, 26] . In [24] , the authors studied the nonrelativistic limit of the Majorana equation in 1 + 1 dimensions and show that in the non-relativistic limit the dynamics is a superposition of the positive and negative "energy branches"; in contrast to what happens with the non-relativistic limit of the Dirac equation where the positive and negative energy branches do not mix. In general, Majorana fermions [25] and Majoranons [24] have not stationary energy eigenstates. In [25] it was studied a Majorana spinor confined to one-dimensional interval with the most general perfectly reflecting boundary conditions, which are described by only two discrete types of wall boundary conditions rather than a continuous 1-parameter family of parameters as in the case of a Dirac fermion. Recently it was realized that, for a certain class of potentials, the dynamics of a Majoranons in 1 + 1 dimensions can be mapped to the solution of the free Majorana equation [26] .
Motivated by these counterintuitive features and by the few known analytical solutions, this paper aims to provide a method to obtain exact solutions of Majorana fermions in the presence of the most general static external field in 1 + 1 dimensions. To this end, we will show that this problem is equivalent to solving a problem in supersymmetric quantum mechanics (SUSY-QM) [27] . The techniques of SUSY-QM are basically equivalent to the so-called factorization method [28] . This elegant method allows finding a pair of isospectral Hamiltonians. Moreover, if this pair is invariant under a discrete reparametrization (shape invariance), the Hamiltonians can be solved exactly [29] . Although these techniques were initially developed in the context of non-relativistic quantum mechanics, they have been widely used to solve the Klein-Gordon [30, 31, 32, 33] and Dirac [23, 34, 35, 36] equations. This paper is organized as follows. In Sec. 2 we introduce the most general external potential in the two-dimensional Majorana equation. In Sec. 3 we describe the methods of supersymmetric quantum mechanics and implement them in the Majorana equation.
In Sec. 4, we present the explicit solution of the Majorana equation in the presence of a linear potential, where the absence of stationary states for Majorana fermions is emphasized. Finally, Sec. 5 contains our conclusions.
Majorana fermions in (1 + 1) dimensions
In (1 + 1) dimensions the free Dirac equation is (µ = 0, 1)
where the γ-matrices are the generators of the two-dimensional Clifford algebra given by
Here the γ-matrices are 2 × 2 dimensional matrices for the irreducible representation. The spinor Ψ D is a two component complex valued function which has two degrees of freedom associated with particles and antiparticles. The Majorana modification of the Dirac equation consists in constructing an equation in which the fermions particles are their own antiparticles 1 [2] . Consequently, the Majorana spinor (Ψ M ) will have only half the degrees of freedom compared to the Dirac fields. In a particular representation of the matrices, known as the Majorana representation, this statement translates into the requirement of reality, Ψ * [4, 25] . Therefore, the Majorana spinor is a two component real valued function.
The Majorana representation is chosen as
The (1+1)-dimensional Dirac equation in the presence of the most general static external fields is
In the last expression, 1 stands for the 2 × 2 identity matrix. Because there are four linearly independent 2 × 2 matrices, 1, γ 0 , γ 1 and γ 5 , there are four external potentials. The external potentials can be identified as follows: the scalar potential V (x), the pseudoscalar potential P (x) and the gauge potential
The Majorana equation in the presence of a external potential can be written as
One might think that V be a linear combination of the four 2 × 2 matrices
However, as we will see, this is not the case. Let us rewrite the Majorana equation in the form of a Schrödinger equation
where H is the (Dirac) Hamiltonian operator,p is the momentum operator, β = γ 0 and α = γ 0 γ 1 . Since H must be Hermitian, the functions f i (x) must be real valued functions. Notably, the requirement of reality (Ψ *
, as can be easily verified taking the complex conjugate of Eq. (7). Since the potentials f 2 can be identified as a scalar potential, f 3 as a pseudoscalar one and (f 1 , f 4 ) as a gauge potential, the most general external potential in the Majorana equation is just a scalar potential (in the following f 2 (x) = φ(x)),
While the condition f 1 = f 4 = 0 is obvious since the Majorana fermions have to be neutral, the condition f 3 = 0 is unexpected because it prevents Majorana fermions coupling to a pseudoscalar potential. The previous result has an important consequence. The presence of an electric potential in the Dirac equation can lead to the existence of the so-called Klein paradox (instability of Dirac sea) [23] . It turns out that the Klein tunneling causes that potentials which are confining in the non-relativistic limit to be nonconfining in the relativistic limit. From the point of view of quantum field theory, the Klein paradox is explained by the creation of a particle-antiparticle pair by an external potential. Since Majorana fermions are its own antiparticles and it is not possible for them to interact with an electric field, there is no Klein tunneling.
Supersymmetric quantum mechanics for Majorana fermions
Now, we present the method to solve the Majorana equation. In the Majorana representation (3), we can rewrite Eq. (7) as
where Ψ M = (ψ 1 , ψ 2 ) T . The above equations can be written in terms of the first-order differential operators A and A † , which are known as ladder operators,
where the ladder operators are defined aŝ
The equation system (11) and (12) can be decoupled into the two following second-order differential equations
The effective supersymmetric partnersĤ − andĤ + are given bŷ
with the so-called supersymmetric partner potentials
SinceĤ ± are time-independent and ψ 1,2 are real valued functions, using a separation ansatz ψ 1,2 (t, x) = f (t) ∓ ϕ ∓ (x), we find that the solutions are of the form
with δ ± free parameters and ϕ i (x) (i = ±) the solutions of the equation
Employing Eqs. (11) and (12), we find that δ − = δ + = δ and that for each eigenstate with E ≠ 0 there is a one-to-one mapping between the energy eigenstates ϕ ± :
Consequently, solving the Majorana equation in the presence of any static external field is equivalent to solving a problem of supersymmetric quantum mechanics. When one of the Hamiltonians has a zero energy eigenstate (E = 0), SUSY is called unbroken. Otherwise, SUSY is called broken [22] . In the unbroken case, one of the Hamiltonians has an additional eigenstate at zero energy that does not appear in its partner Hamiltonian. From Eq. (21) the zero energy eigenstate ofĤ + (Ĥ − ) can be determined imposing that it is annihilated by the operatorÂ † (Â). IfÂϕ 
If insteadÂ † ϕ 0 + = 0 and ϕ 0 + is normalizable, one obtain the following relations
We note that in general the solutions of the Majorana equation do not yield stationary energy eigenstates, as can be checked by computing the probability density ρ n (t, x) = [Ψ n (t, y)] T Ψ n (t, y), the ground state is the exception. In fact, the latter is always true for unbroken SUSY, because in this case for ground state E = 0.
Shape invariance
Although the supersymmetry tells us that the partner Hamiltonians are (almost) isospectral, it does not tell us how to determine the spectrum. However, when the supersymmetric Hamiltonians depends on a real parameter in such a way that these are invariant under a discrete reparametrization (shape invariance), it is possible to obtain the spectrum algebraically [29] .
IfĤ − has a zero eigenvalue, the shape invariance condition is given bŷ
i.e. the two supersymmetric partner Hamiltonians have the same form, but they differ in a constant (R) and in dependence on a i . Here, the parameter a 2 is a function of the parameter a 1 , a 2 = f (a 1 ). One can construct a sequence of Hamiltonians by applying successive reparametrizations a s = f s−1 (a 1 ), and using the condition of shape invariance, thus, we haveĤ
Thus, the spectrum of (20) can be easily found [37] 
It should be noted that although E represents the eigenvalues of H ± , it is not an eigenvalue of the Majorana equation, in which there are not energy eigenstates associated with a unique positive or negative energy [24, 25] . Furthermore, the two signs of Eq. (30) lead us to the same state, as we will discuss later.
Example: Linear potential
Let us illustrate the method developed above with a simple example, a scalar linear potential
with k a constant. For this system, the supersymmetric partners Hamiltonians, Eq. (17), are given by
If a s = k and R(a s ) = 2c ̵ hk, the shape invariant condition is fulfilled. Assuming that H − have an eigenstate at zero energy, Eq. (30) yields
In this caseÂϕ − 0 = 0 and hence the ground state given by
with w = k (c ̵ h) and where we made the change of variable y = x + mc 2 k. Notice that normalizability of ϕ − 0 (y) requires that k > 0. We can now obtain the excited states by successive applications ofÂ † [22] 
where H n are the Hermite polynomials. By inserting Eq. (36) into (23), we can obtain the eigenstates of
Employing Eq. (18) and (19), we finally get
for n = 1, 2, . . . and Ψ 0 (t, y) = w 
for n = 0. Here, the Majorana spinor is normalized as ∫ Ψ T Ψdx = 1. Since Eq. (37) was written for positive values of E, we also might have considered the negative values of E. However, using Eq. (21), one can prove that the solutions are
which are not linearly independent of (37) putting δ = −δ − . Consequently, there is only one "family" of solutions.
In contrast to the solutions of the Dirac equations, the solutions of the Majorana equations depend on a free parameter δ. To understand the origin of this parameter, let us observe that for the Dirac equation for a stationary energy eigenstates is of the form Ψ(t, x) = e −iEt ̵ h u(x), with u(x) a spinor. Since one can always shift the time coordinate t → t − t 0 , such that the probability density remains unchanged, the solutions of the Dirac equation for a stationary state can be rewritten as Ψ(t, x) = e −iE(t−t 0 ) ̵ h u(x), without changing any physical observable. Of course, this is nothing more than the global U (1) symmetry of the Dirac equation. Because the Majorana equation is not invariant under multiplication of Ψ by an arbitrary U (1) element [25] 2 , a shift in the time coordinate does not leave invariant the probability density. This, together with the fact that there are not stationary states, leads to that there is freedom when we choose our initial condition. This freedom is incorporated into the δ parameter.
When k < 0 the normalizable solution is ϕ + 0 (y) and H + have an eigenstate at zero energy. The solutions, in this case, can be obtained by exchanging rows at (37) and making w → −w > 0.
In Fig. 1 , we show the evolution of the probability density for n = 0, 1, and 2 (δ = π 2) in the panels (a), (b) and (c), respectively. The evolution is periodic for n > 0, with period equal to 2
. Although there are no stationary states, the solutions of the Majorana equation in a linear potential remain localized in a region of space, such that the probability density tends to zero as y → ±∞, in other words, the solutions are bound states.
Recently, the Dirac equation in the presence of a linear scalar potential was solved analytically in the Majorana representation [38] . Because the requirement of reality was not implemented, the solutions found there do not correspond to Majorana fermions, but to Dirac fermions (compare, for example, with Ref. [23] where the Dirac problem was studied).
Conclusions
In this paper, we studied the dynamics of Majorana fermions, i.e., particles that obey the Majorana equation and the Majorana condition ψ c = ψ, in two-dimensions. It was found that the Majorana condition implies that the most general external potential with which Majorana fermions can interact is simply a scalar potential. We have shown how SUSY-QM can be used to solve the Majorana equation in the presence of a static scalar potential. Although for unbroken SUSY the ground state is a stationary state, in general, any other state is not stationary. Furthermore, we used the shape invariance property to find analytical solutions algebraically, highlighting the differences with the solutions for Dirac fermions. We exemplify our approach with a linear potential. However, it can be used to obtain analytical solutions for a large family of potentials such as Pöschl-Teller, RosenMorse and Scarf potentials, which have been studied within the supersymmetric quantum mechanics.
